Some topological groups with and some without suitable sets  by Dikranjan, D. et al.
Topology and its Applications 98 (1999) 131–148
Some topological groups with and some without suitable sets I
D. Dikranjan a,∗, M. Tkacˇenko b,1, V. Tkachuk b,2
a Dipartimento di Matematica ed Informatica, Università di Udine, Via della Scienze 206, 33100 Udine, Italy
b Departamento de Matemáticas, Universidad Autónoma Metropolitana, Av. Michoacan y la Purísima S/N,
A.P. 55-534, C.P. 09340 México, D.F., México
Received 4 August 1997; received in revised form 17 February 1998
Abstract
If a discrete subset S of a topological group G with identity 1 generates a dense subgroup of G
and S ∪ {1} is closed in G, then S is called a suitable set for G. We construct in ZFC a Lindelöf
topological group L such that t (L) · ψ(L) 6 ℵ0 and L does not have a suitable set. We also give
a ZFC example of a countably compact topological group H with no suitable set; in addition, the
closure of every countable subset ofH is compact. It is proved that a non-pseudocompact topological
group with a dense strictly σ -discrete subset has a closed suitable set. This implies, in particular, that
a free (Abelian) topological group on a metrizable space has a closed suitable set. Ó 1999 Elsevier
Science B.V. All rights reserved.
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0. Introduction
Following Hofmann and Morris [12], we call a subset S of a topological group G
suitable for G if S is discrete in itself, generates a dense subgroup of G and S ∪ {1G}
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is closed inG, where 1G is the identity ofG. By a fundamental result of [12], every locally
compact topological group has a suitable set.
The problem of existence of suitable sets for non-locally compact topological groups
was first studied in [4]. It was proved there among other results that a topological groupG
has a suitable set if it satisfies one of the following conditions:
(1) |G|6 ℵ0;
(2) G is metrizable;
(3) the groupG is separable and has countable pseudocharacter.
It was also shown in [4] that σ -compact groups can fail to have suitable sets. For
example, the free (Abelian) topological group on βN\N (the remainder of the ˇCech–Stone
compactification of the countable discrete space N) has no suitable set. Under Martin’s
Axiom MA there exists even a countably compact topological group with no suitable set:
van Douwen’s countably compact Boolean group without non-trivial convergent sequences
does not have a suitable set (see Theorem 3.15 of [4]). This gave rise to the problem as to
whether there exists in ZFC a pseudocompact topological group with no suitable set (see
Open Question 3 of [4]). Another problem mentioned in [4] as Open Question 2 was to
find out if there exist a topological groupG and a dense subgroupH ofG such that H has
a suitable set but G has not (compare with Proposition 2.7(b)).
In Section 2 we solve both problems in the positive. First, we construct (in ZFC) a
countably compact topological group G with no suitable set. Additionally, the closure of
every countable subset ofG is compact andGκ does not have a suitable set for each κ > 1.
In fact, the groupG can be chosen either connected or zero-dimensional (see Theorems 2.8
and 2.11). Second, we present a dense, open pseudocompact subspace Y of X = βN \N
such that the free Abelian topological group A(Y ) has a suitable set, but A(X) has not.
The fact that A(Y ) is topologically isomorphic to a dense subgroup of A(X) follows from
a result of Nummela [17] and Pestov [19] on embeddings of free topological groups.
In Section 3 we concentrate on topological groups with suitable sets. It is proved that if
G is a topological group of non-measurable cardinality and Gκ does not have a suitable
set for each κ > 1, then all powers of G are countably compact (Corollary 3.3). In other
words, such a groupG has to be similar to the groups presented in Theorems 2.8 and 2.11.
We also show in Theorem 3.6 that if a topological group G is not pseudocompact and
contains a countable family γ of closed discrete subsets such that
⋃
γ is dense in G,
then G has a closed suitable set. This result generalizes Theorems 5.14 and 6.6 of [4].
Theorem 3.6 enables us to deduce that a topological group representable as a countable
union of closed metrizable subspaces has a suitable set. In particular, the free (Abelian)
topological group on a metrizable space has a suitable set (Corollary 3.14).
The results on suitable sets presented in the paper have a topological nature and
constitute the first part of our research. The second part (see [9]) concerns more algebraic
aspects of topological groups with suitable sets. It is worth mentioning that in [9] we
will deal with the behaviour of different classes of topological groups with a suitable
set under the basic operations: Cartesian products, direct sums, passing to subgroups
and taking quotients. The existence of suitable sets for minimal and totally minimal
topological groups will also be discussed in detail. In the final part of [9] we shall prove
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that that every Abelian group G endowed with the finest totally bounded group topology
(known as the Bohr topology) has a closed generating suitable set, i.e., G# ∈ Scg (see
Section 1 for the definition of the class Scg). Actually, this extends to locally compact
Abelian groups (such groups endowed with the Bohr topology have always a suitable
set).
After this paper had been submitted, the authors received a preprint by Javier Trigos and
Arthur Tomita [21] which contains a series of new results about products of topological
groups with suitable sets and groups endowed with the Bohr topology. In particular, the
authors of [21] independently prove that every locally compact Abelian group considered
with the Bohr topology has a suitable set.
1. Notation and terminology
We denote respectively by R, I, Q, Z and N the reals, the unit interval [0,1], the
rationals, the integers and natural numbers. The circle group R/Z is denoted by T. The
groups R and T are assumed to carry their usual additive group operations and topology.
Let G be a group. The neutral element of G is denoted by 1 or 1G, or, respectively by 0
or 0G if G is Abelian. The minimal subgroup of G containing a subset A⊆G is 〈A〉.
Topological groups are assumed to be Hausdorff. We denote by Ĝ the two-sided
(Raı˘kov) completion of G and by c(G) the connected component of 1 in G. A group
G is precompact (or, equivalently, totally bounded) if Ĝ is compact, pseudocompact if
every continuous real-valued function on G is bounded, countably compact—if each open
countable cover of G contains a finite subcover. A group G is called ω-bounded if every
countable subset of G is contained in a compact subgroup. Every ω-bounded group is
countably compact, but not vice versa.
Let S (respectively, Sc) be the class of groups G having a suitable (respectively, closed
suitable) set S. It turns out that very often the subset S of the group G has the stronger
property to generate G, instead of generating just a dense subgroup of G. We denote by
Sg and Scg the corresponding subclasses of S and Sc , respectively.
A continuous bijection f :X→ Y is called a condensation of X onto Y . We will also
say that f condenses X onto Y . If g :X→ Y is a continuous map and g :X→ g(X) is
one-to-one, we say that g condenses X into Y . The closure of a subset Y ⊆ X in X is
denoted by clX Y or simply clY if there is no ambiguity. When convenient, we also use
Y
X
or Y for the same purpose.
Let α be an infinite cardinal. A space X is called a Pα-space if an intersection of 6 α
open sets in X is open. Pω-spaces are usually referred to as P -spaces. The base of the
α-modification of the topology of X is defined as the collection of all intersections of 6 α
open sets in X. A space X with the α-modified topology is obviously a Pα-space. A space
X is called α-bounded if the closure of every subset of X of cardinality 6 α is compact.
We say that X is initially α-compact if every open cover γ of X with |γ | 6 α contains
a finite subcover. A subset Y of a space X is called functionally bounded in X if every
continuous function f :X→R is bounded on Y .
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Throughout the paper, we will frequently use the notions of σ - and Σ-products both
applied to spaces and topological groups. Let us describe them briefly. Choose a point
a ∈Π =∏α∈AXα in the Cartesian product ∏ of spaces Xα and for each x ∈Π , define
supp(x) = {α ∈ A: xα 6= aα}. Now the σ -product and Σ-product of the spaces Xα with
center a are defined respectively as follows:
σ(A,a)= {x ∈Π : | supp(x)|< ℵ0}
and
Σ(A,a)= {x ∈Π : | supp(x)|6 ℵ0}.
The spaces σ(A,a) and Σ(A,a) are considered with the topology inherited from Π . If
each Xα is a topological group, we will always fix the neutral element 1 of Π as the
central point, so that the notation σ(A,1) and Σ(A,1) can be abbreviated, respectively to
σ(A) and Σ(A). In the latter case, both σ(A) and Σ(A) are dense subgroups of Π .
Let X be a space, x0 ∈ X and S ⊆ X \ {x0}. We call S a supersequence converging to
x0 if S is an infinite discrete subset of X and S ∪ {x0} is a compact subset of X. In other
words, S ∪ {x0} is the one-point compactification of S.
The cardinality of continuum 2ω will be denoted by c. The notation for cardinal functions
is standard: w(X), nw(X), iw(X), d(X), χ(X), ψ(X), L(X) and t (X) stand for the
weight, network weight, i-weight, density, character, pseudocharacter, Lindelöf number
and tightness of X, respectively.
The abbreviations CH and MA are used for the Continuum Hypothesis and Martin’s
Axiom, respectively. As usual, V= L stands for the axiom of constructibility. The symbol
♦ refers to a special set-theoretic axiom concerning unbounded subsets of ω1. It is well
known that [V= L] ⇒♦⇒ CH⇒MA (see [15]).
2. Topological groups without suitable sets
We are going to make use of some notions and theorems of Cp-theory. Let us introduce
and formulate them shortly. The reader can find the proofs and detailed discussions as well
as an excellent introduction into the matter in [1]. For the reader’s convenience we present
here a short list of the main facts which will be used in the sequel.
Theorem 2.1 (References to Cp-theory).
(a) If X and Y are topological spaces, then Cp(X,Y ) is the set of all continuous maps
from X to Y endowed with the topology of pointwise convergence. This means that
Cp(X,Y ) is considered as a subspace of YX and the latter space carries the product
topology. It is a common practice to write Cp(X) instead of Cp(X,R).
(b) A subset A ⊆ Cp(X,Y ) separates points of X if for every pair of distinct points
x, y ∈X there is an f ∈A such that f (x) 6= f (y).
(c) If Y is a topological group, then Cp(X,Y ) is also a topological group (being a
subgroup of the Cartesian product YX).
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(d) Let Y be I, T or R. Then:
(d1) X is separable iff Cp(X,Y ) condenses onto a second countable space; X
condenses onto a second countable space iff Cp(X,Y ) is separable; nw(X)=
nw(Cp(X,Y ));
(d2) Cp(X,Y ) has countable tightness iff all finite powers of X are Lindelöf; all
finite powers of Cp(X,Y ) are hereditarily Lindelöf iff all finite powers of X
are hereditarily separable.
(e) If X is the one-point compactification of a discrete space then Cp(X) topologically
embeds into a Σ-product of unit segments.
The following subtle example has been constructed by Okunev and Tamano [18]. We
will use it to find a Lindelöf topological group of countable pseudocharacter with no
suitable set (see Theorem 2.4(a) below).
Example 2.2 (see [18]). There exists a σ -compact separable space X such that nw(X) >
ℵ0 and Cp(X) is Lindelöf.
Topological groups with a suitable set satisfy certain cardinal restraints as the following
simple but useful result shows.
Lemma 2.3. A topological group G ∈ S satisfies d(G) 6 L(G) · ψ(G). In particular, a
non-separable Lindelöf topological group of countable pseudocharacter does not have a
suitable set.
Proof. Suppose that A is a suitable set forG. If U is an open neighborhood of the identity
in G, then A\U is closed and discrete in G, and hence |A \U |6 L(G). Fix a family γ of
open sets in G such that
⋂
γ = {1} and |γ | =ψ(G). It follows from
A \ {1} ⊆
⋃
{A\U : U ∈ γ }
that |A|6 L(G) · ψ(G). The subgroup H = 〈A〉 of G obviously satisfies |H |6 |A| · ℵ0.
Since A is a suitable set, the group H is dense in G which implies that
d(G)6 |H |6 |A| · ℵ0 6 L(G) ·ψ(G).
The rest of the lemma is immediate. 2
Theorem 2.4.
(a) There exists a Lindelöf non-separable linear topological space L of countable
tightness and countable i-weight (and hence of countable pseudocharacter). Thus,
L considered as a topological group does not have a suitable set.
(b) Under♦ there exists a hereditarily Lindelöf non-separable linear topological space
L of countable tightness. Therefore, L considered as a topological group does not
have a suitable set. In addition, no dense additive subgroup of L has a suitable set.
Proof. (a) Let X be the space from Example 2.2 and L = Cp(X). Then L is Lindelöf.
Since X is σ -compact (and hence all finite powers of X are Lindelöf), Theorem 2.1(d2)
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implies that t (L)6 ℵ0. In addition, iw(L) 6 ℵ0 because X is separable. However, L can
not be separable for otherwise the i-weight of X would be countable by Theorem 2.1(d1)
andX would have countable network—a contradiction with the hypothesis in Example 2.2.
(b) Under ♦, Ivanov [13] constructed a compact non-metrizable space X such that Xn
is hereditarily separable for each n ∈ N. If we put L = Cp(X), then L is hereditarily
Lindelöf by Theorem 2.1(d2), and hence L is of countable pseudocharacter. The space
Cp(X) is not separable, because otherwise the compact space X would be metrizable
by Theorem 2.1(d1). If H is a dense additive subgroup of L, then H is a Lindelöf non-
separable group of countable pseudocharacter, so that Lemma 2.3 implies that H does not
have a suitable set. 2
Our aim now is to present a countably compact topological groupG without suitable set.
This answers positively Open Question 3 of [4]. In addition, Gκ does not have a suitable
set for each κ > 1 (see Theorem 2.8). The construction of such a group will depend on
three auxiliary results given below.
Lemma 2.5. For each α > ω, the space T2α with the α-modified topology does not admit
a condensation into a Σ-product of second countable spaces.
Proof. Denote by X the space T2α with the α-modified topology. Note that w(X) 6 2α .
Indeed, sincew(T2α )= 2α , there exists a base B in T2α of cardinality 2α . The intersections
of subfamilies of B of size 6 α form a base for X of cardinality 2α .
Since every completely regular space of countable weight embeds into Iω , it suffices to
prove thatX does not condense into aΣ-product of unit intervals. Suppose the contrary, let
ϕ :X→Σ(A) be such a condensation for some index set A. Then nw(ϕ(X))6 nw(X)6
2α . Thus, there is a dense set Y of ϕ(X) of cardinality 2α . Since the spaceΣ(A) is Fréchet–
Urysohn, the closure of Y in Σ has cardinality 6 2α . Therefore, |X| = |ϕ(X)|6 2α which
is a contradiction. 2
Arhangel’skiıˇ [2] proved that X is a P -space if and only if every countable functionally
bounded subset ofCp(X,R) has a compact closure. The following improvement of this fact
is proved using the same idea and we include its proof only for the sake of completeness.
Proposition 2.6. Let Y be a second countable compact space. If X is a Pα-space, then
Cp(X,Y ) is α-bounded.
Proof. Since Cp(X,Y ) ⊆ YX , it suffices to establish that for any subset A ⊆ Cp(X,Y )
with |A| 6 α, the closure of A in YX lies in Cp(X,Y ). To this end, take an arbitrary
f ∈ clYX (A). For every x ∈ X, the set U =
⋂{g−1g(x): g ∈ A} is an intersection of
6 α open sets in X and hence open. It is clear that x ∈ U . Now, for every y ∈ U
and g ∈ A we have g(x) = g(y). If f (x) 6= f (y) for some y ∈ U , then there exist
disjoint open subsets V1 and V2 of Y such that f (x) ∈ V1 and f (y) ∈ V2. Since the set
W = {h ∈ YX: h(x) ∈ V1, h(y) ∈ V2} is open in YX and f ∈ W , there is an element
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g ∈W ∩A. Then g(x) 6= g(y) which is a contradiction. This proves that f (U)= {f (x)},
so that f is continuous at x . Since the point x was taken arbitrary, we established the
continuity of f . 2
Proposition 2.7. Let f :G→ H be a continuous homomorphism of countably compact
groups. Then G ∈ S yields H ∈ S in the following two cases:
(a) f is surjective;
(b) f is a dense embedding.
Proof. (b) is obvious, so we will prove only (a). If the groupH is topologically generated
by a finite set, there is nothing to prove. Otherwise a suitable set S for G has to be infinite.
One can assume that 1G /∈ S. The complement S \U is closed discrete in G for each open
neighborhood U of 1G in G, so countable compactness of G implies that S \ U is finite.
This means that S is a supersequence converging to 1G. Let us show that S′ = f (S) \ {1H }
is an infinite suitable set for H . Indeed, S generates a dense subgroup of G, so that
〈S′〉 = f (〈S〉) is dense in H . In particular, S′ is infinite. Since every neighbourhood of
1H contains all but finitely many points of S′ and H is Hausdorff, we conclude that S′ is
a supersequence converging to 1H . Hence S′ is discrete in itself and S′ ∪ {1H } is closed
in H . 2
Theorem 2.8. For every infinite cardinal α there exists a connected, locally connected
Abelian topological group Gα with the following properties:
(1) Gα is α-bounded and hence initially α-compact;
(2) Gα is a dense subgroup of T22
α
;
(3) (Gα)κ does not have a suitable set for each κ > 1; in particular, Gα /∈ S .
Proof. Let X be the Tyshonoff cube T2α with the α-modified topology. It is clear that X
is a Pα-space.
Let now Gα = Cp(X,T). The group G=Gα inherits the topology from TX . It is clear
thatG is an Abelian topological group which is dense in TX = T22α. By Proposition 2.6, we
can conclude that the group G is α-bounded. In particular, G is countably compact. Since
G is dense in TX , we conclude that the projections of G cover all countable faces of TX .
Therefore,G is connected by lemma of [20]. A similar argument gives local connectedness
of G. Indeed, let U =∏x∈X Ux be a basic open neighborhood of the neutral element of
TX where all sets Ux are connected and only finitely many of them are different from T.
Again, the projections of the set U ∩G cover all countable faces of the product space U ,
so U ∩G is connected.
Let us first check that G does not have a suitable set. Note that G is not separable,
because otherwise X would condense onto a second countable space by Theorem 2.1(d1)
and this contradicts Lemma 2.5. Thus, a suitable set S for G has to be uncountable.
Since the group G is countably compact, Y = S ∪ {1G} is the one-point compactification
of S according to the argument in the proof of Proposition 2.7. The set Y separates
the points of X, because otherwise the dense subgroup H = 〈Y 〉 of G generated by Y
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would not separate the points of X either. It is a standard fact of the Cp-theory (see, e.g.,
[1, Proposition 0.5.4(a)]) that if a family E ⊆ Cp(X,Z) separates the points of X, then the
diagonal product ϕ of the family E is a one-to-one continuous map of X into Cp(E,Z).
But Cp(Y,T) embeds into a Σ-product Σ(Y) of circles by Theorem 2.1(e). Thus, ϕ
condensesX into Σ(Y) which contradicts Lemma 2.5. This proves thatG does not have a
suitable set.
Let κ > 1 be a cardinal and p :Gκ → G the projection. Then Gκ is α-bounded and
hence countably compact. If Gκ had a suitable set S, then Proposition 2.7 would imply
that G has a suitable set, a contradiction. 2
The group Gα with α = ω constructed in Theorem 2.8 has cardinality 2c. It is possible,
however, to decrease the size of Gω and obtain a subgroupH ofGω of cardinality c which
will share many features of the group G. Note that this is the smallest possible size of H
since an infinite pseudocompact topological group has cardinality> c according to a result
of van Douwen [7].
Corollary 2.9. There exists a countably compact, non-separable, connected and locally
connected Abelian group H with the following properties:
(1) |H | = c;
(2) H is dense in T2c;
(3) Hκ is countably compact and does not have a suitable set for each κ satisfying
16 κ 6 ω.
Proof. Take the groupK =Gω constructed in Theorem 2.8, that is, K = Cp(X,T) where
X is the ω-modification of Tc. For every x ∈ Kω , denote by coord(x) the set of all
coordinates of the point x . Then coord(x) is a countable subset of K . Since d(K) 6
nw(K)= nw(X)6 c, there exists a dense subgroupH0 ofK of cardinality c. If α < ω1 and
we have constructed subgroups Hβ ⊆K of size c for all β < α, let H˜α =⋃{Hβ : β < α}.
For every countably infinite subset P ⊆ (H˜α)ω choose an accumulation point x(P ) for P
in Kω . This is possible the group Kω being ω-bounded. Let Hα be the subgroup of K
generated by the set
H˜α ∪
{
coord(x(P )): P is a countably infinite subset of (H˜α)ω
}
.
Note that |Hα| = c and Hβ ⊆Hα for each β < α.
It is evident that {Hα: α < ω1} is an increasing sequence of subgroups ofK . In addition,
for each α < ω1, every countably infinite subset P ⊆ (Hα)ω has an accumulation point in
(Hα+1)ω. It is also clear that H =⋃{Hα: α < ω1} is a dense subgroup of K and |H | = c.
Since Hω =⋃{(Hα)ω: α < ω1}, we conclude that the group Hω is countably compact.
By Proposition 2.7(b), H does not have a suitable set. Since also the group Hκ is
countably compact for any κ satisfying 1 6 κ 6 ω, Proposition 2.7(a) implies that Hκ
does not have a suitable set either.
Note that the projections of H cover all countable faces of TX , and hence as in the proof
for G in Theorem 2.8, the groupH is connected and locally connected. 2
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It is unclear whether the subgroupH ofGω in Corollary 2.9 could be additionally chosen
in such a way thatHκ would not have a suitable set for each cardinal κ > 1. The problem is
that all the powers ofH would have to be countably compact as Corollary 3.3 of Section 3
shows.
The group Gω constructed in Theorem 2.8 is connected, locally connected, ω-bounded
andGω /∈ S . Let us show that there exists a zero-dimensionalω-bounded topological group
of cardinality 2c with no suitable set. First, we need the following lemma. Let Z be a
space of countable pseudocharacter, |Z|> 2. Choose a point a ∈ Zc and denote by Σ(a)
the Σ-product of c many copies of Z with the center point a, Σ(a) ⊆ Zc. Let X be the
ω-modification of the space Σ(a).
Lemma 2.10. If X =⋃{Xn: n ∈ ω}, where all Xn are closed in X, then Xn contains a
copy of X for some n ∈ ω.
Proof. Suppose the contrary and fix a closed decomposition {Xn: n ∈ ω} of X witnessing
this. Basic neighborhoods of an arbitrary element x of X have the form [x,P ] = {y ∈
X: y|P = x|P }, where P is a countable subset of c. Note that the sets [x,P ] are
homeomorphic to X. Choose x0 ∈ X \ X0 and a countable subset P0 ⊆ c such that
[x0,P0] ∩ X0 = ∅. Suppose that we have chosen points x0, . . . , xn ∈ X and countable
subsets P0, . . . ,Pn of c which satisfy the conditions (1) and (2) for each i < n and (3)
for i 6 n:
(1) Pi ⊆ Pi+1;
(2) [xi+1,Pi+1] ⊆ [xi,Pi ];
(3) [xi,Pi ] ∩Xi = ∅.
By assumption, the set Xn+1 does not contain [xn,Pn], so there is a point xn+1 ∈
[xn,Pn]\Xn+1 and a countable set P˜n ⊆ c such that [xn+1, P˜n] ∩ Xn+1 = ∅. Put Pn+1 =
Pn ∪ P˜n. It is immediate that the conditions (1), (2) hold for i 6 n and (3) for i 6 n+ 1.
Let P =⋃{Pn: n ∈ ω}. For α ∈ P , let y(α)= xn(α) if α ∈ Pn. If α /∈ P , let y(α)= 0.
It follows from (1) and (2) that the definition of the point y ∈X is correct. It is clear that
y ∈ [xn,Pn] for each n ∈ ω and, therefore, y /∈⋃{Xn: n ∈ ω} which is a contradiction. 2
In the sequel we denote the discrete doubleton {0,1} simply by 2.
Theorem 2.11. There exists a zero-dimensional topological group G with the following
properties:
(1) G is ω-bounded;
(2) G is a dense subgroup of 2c;
(3) Gκ does not have a suitable set for each κ > 1.
Proof. Denote by Σ(c) the Σ-product of c many copies of the discrete doubleton 2 =
{0,1} with an arbitrary center, Σ(c) ⊆ 2c. Consider the ω-modification X of the space
Σ(c). We will prove that the group G= Cp(X,2) has all required properties. Since X is
zero-dimensional, the functions of G separates the points of X and, therefore, G is dense
in 2c. Proposition 2.6 implies that G is ω-bounded.
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Suppose that A is a suitable set for G. Then Y = A ∪ {0G} is the one-point
compactification of A. Since the functions of Y separates the points of X, the diagonal
product ϕ = 4{f : f ∈ Y } is a one-to-one continuous map of X into the space Cp(Y,2).
The space Cp(Y,2) can be represented as a countable union of scattered compact spaces
Kn, n ∈ ω [1, Proposition IV.3.3]. Therefore, Xn = ϕ−1(Kn) is closed in X and X =⋃{Xn: n ∈ ω}. By Lemma 2.10, Xn contains a copy C of X for some n ∈ ω which means
that ϕ|C condenses C into a scattered space Kn. But this is impossible because C has no
isolated points. We have thus proved that G does not have a suitable set.
Since all powers of G are countably compact, Proposition 2.7 implies that Gκ does not
have a suitable set for each κ > 1. 2
Corollary 2.9 and Theorems 2.8, 2.11 leave open the question whether there exists an
ω-bounded topological group of cardinality c with no suitable set (see Problem 3.17).
All known examples of topological groups without suitable sets are either non-
pseudocompact (see [4, Theorem 3.8] and Theorem 2.4) or countably compact (see [4,
Theorem 3.15] and Theorems 2.8 and 2.11). One can ask, therefore, if there exist pseudo-
compact non countably compact topological groups without suitable set (for an easy
example of a pseudocompact non countably compact group with a closed suitable set see
Corollary 3.4). To present an example of such a group, we will modify the construction in
the proof of Theorem 2.8.
Theorem 2.12. There exists a pseudocompact not countably compact connected Abelian
group G with nw(G)6 c which satisfies the following conditions:
(1) G is a dense subgroup of T2c ;
(2) G does not have a suitable set.
Proof. Denote by X the ω-modification of the Tyshonoff cube Ic and let H = Cp(X,T).
Therefore, nw(H) = nw(X) 6 c by Theorem 2.1(d1). The group H coincides with the
group Gω constructed in Theorem 2.8, so that H is a dense ω-bounded subgroup of TX .
In addition, H is connected and does not have a suitable set. Pick a point x0 ∈ X and
define the function f :X→ T by f (x0)= t∗ and f (x)= 0 if x ∈X \ {x0}, where t∗ ∈ T
is an element of infinite order. It is clear that f /∈H . In what follows we will use additive
notation.
Let us show that the subgroup G= 〈f 〉 +H of TX is as required. First, the group G is
a union of countably many translations of H , so
nw(G)6 nw(H) · ℵ0 6 c.
Second, the projections of H fill all countable faces of TX , and hence G has the same
property. Therefore, G meets every non-empty Gδ-set in TX and by Theorem 1.2 of [5],
the groupG is pseudocompact. The subgroupC = 〈f 〉 ofG is topologically isomorphic to
the infinite cyclic subgroup 〈t∗〉 of T, so that C contains infinite closed discrete subsets. To
conclude that G is not countably compact, it suffices to note that C is closed in G. Indeed,
let g ∈G∩C . Then g = k ·f +ϕ, where k ∈ Z and ϕ ∈H . Since all the functions in C are
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equal to zero at the points of X \ {x0}, the function g has the same property. Consequently,
the restriction of ϕ = g−k ·f toX\{x0} is constantly zero. Since ϕ is continuous onX and
x0 is not isolated in X, we conclude that ϕ ≡ 0. Thus, g = k · f ∈ C, whence G ∩C = C.
This proves that C is closed in G and G is not countably compact.
It remains to verify that G has no suitable set. Suppose the contrary, let S be a suitable
set for G. If k ∈ Z, k 6= 0, then the subspace Hk = k · f +H of G is countably compact
and does not contain 0G, so that S ∩ Hk is finite. Therefore, we can represent the set S
as the union S0 ∪D, where S0 ⊆ H and D is countable. It is clear that S0 is either finite
or a supersequence converging to 0G. Let D = {kn · f + ϕn: n ∈ ω}, where kn ∈ Z and
ϕn ∈ H for every n ∈ ω. Then P =⋂n∈ω ϕ−1n ϕn(x0) is a non-empty Gδ-set in X, and
hence P contains a homeomorph Q of X such that x0 /∈Q. The choice of Q implies that
g|Q ≡ const for each g ∈D. In addition, the functions of S0 cannot separate the points ofQ
(otherwise there would exist a condensation ofQ intoΣ(c) which contradicts Lemma 2.5).
Thus, the functions in S = S0 ∪D do not separate the points of Q, and hence the subgroup
〈S〉 of G generated by S is not dense in G, a contradiction. 2
We finish this section with an example which shows that the existence of a dense
subgroup H ∈ Sc of a topological group G does not imply G ∈ S (compare with
Proposition 2.7(b)). This answers Open Question 2 of [4] in the positive. Our example
is different from the one given by Tomita (see Remark 2.4 of [4]).
Example 2.13. There exists a dense open pseudocompact subspace Y of N∗ = βN \ N
such that the free Abelian topological groupA(Y ) on the space Y has a closed suitable set.
Therefore, the free Abelian topological group A(N∗) does not have a suitable set, but it
contains a dense subgroup A(Y ) ∈ Sc .
Proof. By Corollary 3.11 of [4], the group A(N∗) does not have a suitable set. If Y is a
pseudocompact subspace of N∗, the Nummela–Pestov theorem (see [17,19]) implies that
the natural monomorphism of A(Y ) to A(N∗) is a topological embedding, so that A(Y )
can be identified with the corresponding dense subgroup of A(N∗) generated by the set Y .
Let us define an appropriate dense pseudocompact subspace Y of N∗.
There exists a disjoint family γ of open non-void subsets of N∗ with |γ | = c. For every
U ∈ γ choose a point xU ∈U and put D = {xU : U ∈ γ }. Then define
Y =N∗ \ (D \D),
where D is the closure of D. Note that D is a closed discrete subset of Y . Since D is
discrete, the setD \D is closed nowhere dense in N∗, consequently Y is dense and open in
N∗. To show that Y is pseudocompact it suffices to prove that every infinite disjoint family
{Un: n ∈ ω} of non-void open sets in Y has a cluster point in Y . For every n ∈ ω, choose
a basic open set Vn in N∗ of the form Vn = Bn \ Bn (where Bn is an infinite subset of N)
such that Vn ∩ Y ⊆Un. Define
V =
⋃
{Vn: n ∈ ω}.
142 D. Dikranjan et al. / Topology and its Applications 98 (1999) 131–148
Then the set P = V \ V ⊆N∗ is not empty and has no isolated points (for otherwise there
would exist a non-trivial sequence in N∗ converging to an isolated point of P ). Therefore,
the complement P \D is not empty and one can easily verify that any x ∈ P \D is an
accumulation point of both sequences {Vn: n ∈ ω} and {Un: n ∈ ω}. Since x ∈ Y , we
conclude that Y is pseudocompact.
It remains to show that A(Y ) has a closed suitable set. Let C be a dense subset of Y with
|C| = c. Enumerate the sets C and D, say C = {cα : α < c} and D = {dα: α < c}. Then
define a subset S of A(Y ) by
S =D ∪ {cα · dα: α < c}.
It is clear that C ⊆ 〈S〉, whence 〈C〉 ⊆ 〈S〉. Since C is dense in Y , we conclude that 〈S〉 is
dense in A(Y ). Note that the canonical map i2 :Y 2→A(Y ) defined by i2(x, y)= x · y is a
closed homeomorphic embedding of Y 2 into A(Y ) [2, 5.1] and the set T = {(cα, dα): α <
c} is closed discrete in Y 2. Therefore, S =D ∪ i2(T ) is closed and discrete in A(Y ). 2
This example shows that the completion of a group in Sc need not be even in S .
Modifying the construction of the space Y in Example 2.13, one can define a dense
pseudocompact subspace Z ⊆ N∗ of cardinality c which contains a closed discrete subset
D of the same cardinality c. An easy verification (involving Lemma 3.1 below) shows that
the free Abelian topological group A(Z) on Z has to have a closed generating suitable set,
i.e., A(Z) ∈ Scg . Therefore, the completion Â(Z)∼= A(N∗) of the group A(Z) is not in S
by Corollary 3.11 of [4].
3. Topological groups with suitable sets
According to Theorems 2.8 and 2.11 there exist countably compact (connected or zero-
dimensional) topological groups no power of which contains a suitable set. To obtain this
conclusion we used the fact that all the powers of the groups in question are countably
compact. Let us call such groups potentially countably compact. It turns out that potential
countable compactness was absolutely necessary there: if G is a topological group of non-
measurable cardinality and Gκ does not have a suitable set for each κ > 1, then G is
potentially countably compact (see Corollary 3.3).
In fact, potential countable compactness of spaces was characterized by Ginsburg and
Saks [10] by means of reasonably small powers: a spaceX is potentially countably compact
iff X2c is countably compact. We will use this result to deduce Corollary 3.3.
The following simple lemma is the key result for our considerations.
Lemma 3.1. Let G be a topological group.
(a) If G contains a closed discrete subset A such that |A|> d(G), then G×G has a
closed suitable set or, equivalently,G×G ∈ Sc .
(b) If G contains a closed discrete subset A of size |G|, then G × G has a closed
generating suitable set, that is, G×G ∈ Scg .
D. Dikranjan et al. / Topology and its Applications 98 (1999) 131–148 143
Proof. (a) Let A be a closed discrete subset of G, |A|> d(G). Choose a dense subset D
of G with |D| = d(G). Without loss of generality one can assume that the identity 1 of G
is not in A. Denote by ϕ any map of A onto D. We define a subset S of G×G by
S = (A× {1})∪ ({1} ×A)∪ {(x,ϕ(x)): x ∈A}∪ {(ϕ(x), x): x ∈A}.
It is clear that S is closed discrete in G×G and the subgroup 〈S〉 of G×G generated by
S containsD × {1} and {1} ×D, so that 〈S〉 is dense in G×G.
(b) If A is a closed discrete subset of G and |A| = |G|, choose a bijection ϕ :A→G
and define a subset S of G×G as in (a). This S will be a closed discrete generating set for
G×G. 2
Recall that a cardinal τ is called measurable if there exists an ℵ0-complete non-principal
ultrafilter on the set τ . It is consistent with ZFC that there are no measurable cardinals.
Furthermore, V= L implies that all cardinals are non-measurable (see [8]).
Theorem 3.2. Let G be a topological group and κ an infinite non-measurable cardinal
such that G2κ is not countably compact and d(G) 6 2κ . Then G2κ has a closed suitable
set.
Proof. We use the following fact proved in [16] (see also [14]):
(∗) if κ is a non-measurable cardinal, then N2κ contains a closed discrete subset of
size 2κ .
By assumption, the group G2κ contains an infinite closed discrete subset, say, a copy
of N. Since G2κ ∼= (G2κ )2κ , the group G2κ contains a closed homeomorph of N2κ .
Therefore, by (∗), G2κ also contains a closed discrete subset of size 2κ . It remains to
note that d(G2κ )6 2κ and apply Lemma 3.13(a) to the group G2κ which is topologically
isomorphic to G2κ ×G2κ . 2
As we mentioned, a topological group K is potentially countably compact iff K2c is
countably compact [10]. Theorem 3.2 implies, therefore, the following corollary.
Corollary 3.3. Let G be a topological group of non-measurable cardinality. IfGκ /∈ S for
each κ > 1, then G is potentially countably compact.
Corollary 3.4. There exists a pseudocompact topological groupK /∈ S such thatKc ∈ Sc .
Proof. Let K be the group constructed in Theorem 2.12. Then
d(K)6 nw(K)6 c.
By Proposition 2.7(a) Kc is not countably compact, hence Theorem 3.2 immediately
implies that Kc ∈ Sc . 2
Note that the group Kc in Corollary 3.4 is pseudocompact according to Theorem 1.2
of [5] and non countably compact.
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By Theorem 5.14 of [4], a locally separable topological group of countable pseudochar-
acter has a suitable set. Our aim is to extend this result to a wider class of topological
groups. We will call a subset S of a space X strictly σ -discrete (in X) if S can be repre-
sented as a countable union of closed discrete subsets ofX. Since a locally separable group
G contains an open separable subgroup,G has a dense strictly σ -discrete subset. The proof
of the following lemma is close to the proof of Theorem 5.13 of [4], but we do not use the
“countable pseudocharacter” assumption.
Lemma 3.5. Let G be a non-pseudocompact totally bounded group with a countable
dense subgroup P . Then there exists a subset L ⊆ P such that L is closed discrete in
G and 〈L〉 = P . In particular, L is suitable for G, and hence G ∈ Sc .
Proof. SinceG is not pseudocompact, there is a sequence {Un: n ∈ ω} of non-empty open
subsets of G such that Un+1 ⊆Un for each n ∈ ω and⋂
{Un: n ∈ ω} = ∅.
Let {xn: n ∈ ω} be an enumeration of elements of P .
We will construct by induction an increasing sequence {Lk: k ∈ ω} of finite subsets of
P satisfying the following conditions for each k ∈ ω:
(1) xk ∈ 〈Lk〉;
(2) Lk+1\Lk ⊆Uk;
(3) G= 〈Lk〉 ·Uk .
The subgroup P is dense in G, so G= P ·U0. Since G is totally bounded, there exists
a finite subset K0 of P such that K0 ·U0 =G. In particular, there are a0 ∈K0 and u0 ∈ U0
such that x0 = a0 · u0. Then u0 = a−10 · x0 ∈ P and we put L0 =K0 ∪ {u0}.
Suppose that for some n ∈ ω we have defined an increasing sequence L0, . . . ,Ln of
finite subsets of P which satisfies (1) and (3) for each k 6 n and (2) for every k < n.
Since P is dense in G, the set 〈Un ∩ P 〉 is dense in the group Gn = 〈Un〉. Therefore, we
have the equality 〈Un ∩P 〉 ·Un+1 =Gn. The groupGn being totally bounded, there exists
a finite subset Fn+1 of 〈Un ∩ P 〉 such that Fn+1 · Un+1 = Gn. In particular, there exists
a finite subset Kn+1 of Un ∩ P with Fn+1 ⊆ 〈Kn+1〉, whence 〈Kn+1〉 · Un+1 = Gn. Put
L′n+1 = Ln ∪Kn+1. Apply (3) (with k = n) to obtain
〈L′n+1〉 ·Un+1 = 〈L′n+1〉 · 〈Kn+1〉 ·Un+1 = 〈L′n+1〉 ·Gn ⊇ 〈Ln〉 ·Un =G. (∗)
By (∗), there are an+1 ∈ 〈L′n+1〉 and un+1 ∈ Un+1 such that xn+1 = an+1 · un+1. Since
an+1 ∈ 〈L′n+1〉 ⊆ P and xn+1 ∈ P , we conclude that un+1 ∈ P and put Ln+1 = L′n+1 ∪
{un+1}. Clearly, Ln+1 is a finite subset of P and Ln ⊆ Ln+1. It follows from (∗) that
〈Ln+1〉 · Un+1 = G. This gives (1) and (3) for k = n + 1. Since Ln+1 \ Ln ⊆ Kn+1 ∪
{un+1} ⊆Un, condition (2) holds for k = n as well.
Let L=⋃{Ln: n ∈ ω}. It follows from (2) that L\Uk ⊆ Lk is a finite set for each k ∈ ω.
The latter, along with
⋂{Un: n ∈ ω} = ∅ implies that L is a closed discrete subset ofG. It
remains to apply (1) in order to conclude that 〈L〉 = P . Thus, our lemma is proved. 2
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Note that a pseudocompact topological group of countable pseudocharacter is com-
pact [6, Lemma 3.1], and hence it has a suitable set by a result of Hofmann and Morris [12].
Therefore, the following result generalizes Theorem 5.14 of [4].
Theorem 3.6. Let G be a non-pseudocompact topological group. IfG has a dense strictly
σ -discrete subspace, then it has a closed suitable set, i.e., G ∈ Sc .
Proof. (I) Let us first prove the theorem assuming thatG is not totally bounded. If so, then
G has a neighbourhood U of the identity such that U ·A 6=G for any finite A⊆ G. It is
well known (see, e.g., [4, Remark 5.4]) that if we take any symmetric neighborhood V of
the identity such that V 4 ⊆U , then there exists a subsetA= {an: n ∈ ω} ⊆G with ai 6= aj
if i 6= j and such that the family γ = {V · an: n ∈ ω} is discrete. For every n ∈ ω, let Hn
be a closed discrete subspace of G such that H =⋃{Hn: n ∈ ω} is dense in G. Denote
Fn =Hn ∩ V , n ∈ ω. Then the set F =⋃{Fn: n ∈ ω} is dense in V . We claim that the set
S =A∪
⋃
n∈ω
Fn · an
is suitable for the subgroupG1 = 〈V ∪A〉 of G.
Note first that 〈F 〉 is dense in 〈V 〉. But 〈S〉 ⊇ F , so that 〈S〉 is dense inG1. Let g ∈G be
arbitrary. Then there is a neighbourhoodW of the identity in G such that g ·W intersects
at most one element of the family γ . Then g ·W intersects at most one of the sets Fn · an
and contains at most one of the points an. Since the set Fn · an is closed and discrete in G,
the point g has a smaller neighbourhood which intersects S at most in one point. Thus, S
is closed and discrete and hence suitable for G1. Note that G1 is an open subgroup of G,
and hence Theorem 4.2 of [4] implies that G has a closed suitable set as well.
(II) Suppose now that the group G is totally bounded. Choose a discrete family γ =
{Un: n ∈ ω} of non-empty open subsets of G. As before, for every n ∈ ω choose a closed
discrete subspace Hn of G such that H =⋃{Hn: n ∈ ω} is dense in G.
SinceG is totally bounded, for every n ∈ ω there exists a finite subsetBn = {b(n, i): 16
i 6mn} of G such that Bn · Un =G. Fix an n ∈ ω and define Hin =Hn ∩ b(n, i) · Un for
each i 6mn. Then Hn =⋃{Hin: 16 i 6mn}.
The set
Tn =
⋃{(
b(n, i)
)−1 ·Hin: 16 i 6mn}
is closed and discrete in G and lies in Un. Since the family γ is discrete, the set
T =⋃{Tn: n ∈ ω} is closed and discrete in G. Let B =⋃{Bn: n ∈ ω}. The subgroup
〈B ∪ T 〉 is dense in G because it containsH . However, the set B ∪ T may fail to be closed
and discrete. Let us correct it slightly.
For every n ∈ ω pick a point yn ∈ Un and denote by G˜ the closure of P =
〈B ∪ {yn: n ∈ ω}〉 in G. The separable group G˜ is closed in G and non-pseudocompact
(the latter is due to the fact that G˜∩Un 6= ∅ for all n ∈ ω).
Apply Lemma 3.5 to obtain a closed discrete subset L of G˜ such that 〈L〉 = P . The set
T ∪L is closed and discrete in G and P ⊆ 〈T ∪L〉 ⊃ 〈T ∪B〉, so that 〈T ∪L〉 is dense in
G. This implies that T ∪L is a closed suitable set for G. 2
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Remark 3.7. A slight modification in the above argument is required to obtain the
following refinement of Theorem 3.6:
Let K be a subgroup of a non-pseudocompact topological group G and let H be a
dense strictly σ -discrete subset of G such that H ⊆ K . Then there exists a closed
(in G) suitable set S for G with S ⊆K .
To see this, one just has to take care choosing the points ai , b(n, i), yi in K . This
generalization of Theorem 3.6 along with Theorem 5.13 of [4] enables us to deduce the
following corollary.
Corollary 3.8. Let K be a dense subgroup of a metrizable topological group G. Then G
has a suitable set S with S ⊆K . If G is not compact then K contains a closed suitable set
for G.
Proof. If G is not pseudocompact, the conclusion follows directly from Remark 3.7.
Otherwise the metrizable group G is compact and hence second countable. Let P be a
countable dense subgroup of K . By Theorem 5.13 of [4], there exists a suitable set S for
G such that 〈S〉 = P ⊆K which completes the proof. 2
Corollary 3.9. Any locally separable non-pseudocompact topological group has a closed
suitable set and hence belongs to Sc .
Each of the following Corollaries 3.10, 3.12 and 3.13 generalizes Theorem 6.6 of [4] on
the existence of suitable sets for metrizable topological groups.
Corollary 3.10. Every topological group with a σ -discrete network has a suitable set.
Proof. It is clear that such a group G has countable pseudocharacter. If G is not
pseudocompact, the conclusion follows from Theorem 3.6. If G is pseudocompact,
then it has countable character [6, Lemma 3.1]. A pseudocompact topological group of
countable character is compact metrizable by Birkhoff–Kakutani theorem, so we can apply
Theorem 1.12 of [12] to conclude that G has a suitable set. 2
Corollary 3.11. Every separable σ -compact topological group G has a suitable set. If in
additionG is not compact, then G has a closed suitable set.
Proof. Let G be a separable σ -compact group. If G is compact, then the conclusion
follows from Theorem 1.12 of [12]. Otherwise the group G is not pseudocompact, and
Theorem 3.6 applies. 2
Stratifiable spaces were introduced (under a different name) by J. Ceder as a
generalization of metrizable spaces. Since every stratifiable space has a σ -discrete
network [11, Theorem 5.9], we obtain the following result.
Corollary 3.12. Any stratifiable topological group has a suitable set.
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Corollary 3.13. If a topological group G is a union of countably many closed metrizable
subspaces, then it has a suitable set. If, in addition, G is not compact, then it has a closed
suitable set.
Proof. Such a group G is of countable pseudocharacter and has a dense strictly σ -dis-
crete subset. If G is compact, the conclusion immediately follows from Theorem 1.12
of [12]. Otherwise, G is not pseudocompact because a pseudocompact topological group
of countable pseudocharacter has countable character and hence is compact metrizable [6,
Lemma 3.1]. Therefore, the existence of a closed suitable set for G follows from
Theorem 3.6. 2
Corollary 3.14. The free (Abelian) topological group F(X) on a metrizable space X has
a closed suitable set.
Proof. For a metrizable space X, the group F(X) can be represented as a countable union
of its closed metrizable subspaces (see the fact α1 in Section 5 of [3]). Since F(X) is never
pseudocompact, Corollary 3.13 implies the conclusion. 2
Problem 3.15. Suppose that a topological group G is a union of countably many
metrizable subspaces. Does G have a suitable set?
By Corollary 3.9, every separable non-pseudocompact topological group has a suitable
set. So, Open Question 1 of [4] is equivalent to the following one.
Problem 3.16. Does there exist in ZFC a separable pseudocompact topological group with
no suitable set?
Problem 3.17. Does there exist an ω-bounded topological group of size c without suitable
set?
Problem 3.18. Can one construct in ZFC a topological group which does not contain a
dense subgroup with a suitable set?
Problem 3.19. Is it true that every σ -compact groupG has a dense subgroup H ∈ S?
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